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Abstract 

We investigate the structures of crossed products of the Cuntz algebra O^ by quasi-free 
actions of abelian groups. We completely determine their ideal structures and compute the 
strong Connes spectra and K-groups. 


1 Introduction 


The crossed products of C*-algebras give us plenty of interesting examples, and the struc¬ 
tures of them have been examined by several authors. In jJKj], A. Kishimoto gave a 


necessary and sufficient condition that the crossed products by abelian groups become 
simple in terms of the strong Connes spectrum. For the case of the crossed products of 
Cuntz algebras by so-called quasi-free actions of abelian groups, he gave a condition for 
simplicity, which is easy to check. In [|KK1|| and [|KK2|1 , A. Kishimoto and A. Kumjian 


dealt with, among others, the crossed products of Cuntz algebras by quasi-free actions 
of the real group M. In our previous papers ||Kal|| , |[Ka2|| , we examined the structures 
of crossed products of Cuntz algebras O n by quasi-free actions of arbitrary locally com¬ 
pact, second countable, abelian groups. The class of our algebras has many examples of 
simple stably projectionless (W-algebras as well as AF-algebras and purely infinite C*- 


algebras. In ||Ival|| , we completely determined the ideal structures of our algebras, and 
gave another proof of A. Kishimoto’s result on the simplicity of them. We also gave a 
necessary and sufficient condition that our algebras become primitive, and computed the 
Connes spectra and K-groups of our algebras. In [|Ka2|l , we proved that our algebras be¬ 
come AF-embeddable when actions satisfy certain conditions. To the best of the author’s 
knowledge, this is the first case to have succeeded in embedding crossed products of purely 
infinite C*-algebras into AF-algebras except trivial cases. We also gave a necessary and 
sufficient condition that our algebras become simple and purely infinite, and consequently 
our algebras are either purely infinite or AF-embeddable when they are simple. 

In this paper, we deal with crossed products of the Cuntz algebra CR by quasi-free 
actions of arbitrary locally compact, second countable, abelian groups. From section 3 
to section 6, we completely determine the ideal structures of such algebras by using the 
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technique developed in [|Kal 


We omit detailed computations if similar computations 
Readers are referred to 


have been already done in [|Kal|| . Readers are referred to ||Ival|| . In the last section, we 
gather some results on crossed products of the Cuntz algebra Ooo- Among others, we give 
another proof of the determination of the simplicity of the crossed products done by A. 
Kishimoto, and we succeed in computing the strong Connes spectra of quasi-free actions 
on the Cuntz algebra O a0 . 

The crossed products examined in this paper or in [|Kal|| , l[Ka2|| , can be considered 
as continuous counterparts of Cuntz-Krieger algebras or graph algebras (cf. (D]). From 
this point of view, the crossed products of O n can be considered as graph algebras of 
locally finite graphs, and the ones of O^ can be considered as graph algebras of graphs 
whose vertices emit and receive infinitely many edges. Recently the ideal structures of 

IBHESr 


graph algebras, which is not necessarily locally finite, were deeply examined in 
and m- Compared with row finite case, it is rather difficult to describe ideal structures 
of graph algebras which have vertices emitting infinitely many edges. This seems to be 
related to the difficulty of examination of the ideal structures of the crossed products of 
0 00 compared with the ones of O n done in [|Kal . 
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gashi for his support and encouragement, to Masaki Izumi for various comments and 
many suggestions. He is also grateful to Iain Raeburn and Wojciech Szymanski for stim¬ 
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Scientists of the Japan Society for the Promotion of Science. 


2 Preliminaries 

The Cuntz algebra Ooo is the universal C*-algebra generated by infinitely many isometries 
Si, S 2 ,... satisfying S*Sj = 8^. For n £ Z + : = {1, 2,... } and k £ N := (0,1,... }, we 
define the set Wn^ of words in { 1 , 2 ,... , n} with length k by Wn°^ = { 0 } and 

= {(Ac 2 ,--- ,4) | R e { 1 , 2 ,... ,n}} 

for k > 1. Set W ra = \J™ =0 w£ fc) and W^ = LC=i W n . For fi = (R, R>,... , R) e we 
denote its length k by /i|, and set = S tl S t2 ■ ■ ■ Si k £ 0 0 Q . Let G be a locally compact 
abelian group which satisfies the second axiom of countability and V be the dual group 
of G. We use + for multiplicative operations of abelian groups except for T, which is 
the group of the unit circle in the complex plane C. The pairing of t £ G and 7 G T is 
denoted by (t \ 7 ) G T. 

For u = • • •) G r°°, we define an action a u of abelian group G on 0 00 by 

cef(Si) = {t\uJi)Si for i £ Z + and t £ G. The action cG : G rx becomes quasi- 
free (for a definition of quasi-free actions on Cuntz algebras, see [JEJ). However, there 
exist quasi-free actions of abelian group G on which are not conjugate to aP for any 
u £ r°° though we do not deal with such actions. The crossed product O^yi^G has a C*- 
subalgebra Clx a ^G which is isomorphic to C'o(r). We consider C'o(r) as a (W-subalgebra 
of OocXauG. The Cuntz algebra O 00 is naturally embedded into the multiplier algebra 
M( K 0 00 'x a uG) of Ooo For each /i = (R, i 2 , ... , R) G Woo, we define an element aof 
T by = YLj=i u ij- ^ or 7 o ^ T, we define a (reverse) shift automorphism <r 70 : C 0 (r) —> 
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C'o(r) by (cr 70 /)( 7 ) = /(y + 70 ) for / G C'o(r). Once noting that a^S^) = (f1 )S fl for 
p G Woo, one can easily verify that fS lt = S^a^^f for any / G Co(r) C O^y^G. For a 
subset A" of a (A-algebra, we denote by span A the linear span of A", and by span A its 
closure. We have O^y^G = spa ^{S^fS* \ p,u e W^, / G C 0 (r)}. 

We denote by the C*-algebra of k x k matrices for A; = 1,2,..., and by IK the 
C*-algebra of compact operators of the infinite dimensional separable Hilbert space. 


3 Gauge invariant ideals 

In this section, we determine all the ideals which are globally invariant under the gauge 
action. Here an ideal means a closed two-sided ideal, and the gauge action /3 : T rx 
OooXi^G is defined by (3 t (S^fS*) = t^^S^fS* for //, u G Wx,, / G C 0 (r) and t G T. 

For a positive integer n, we define a projection p n by p n = 1 — ]C ” =1 S t S*. We set 
p 0 = 1. Since p n commutes with C 0 (r), p n C 0 (r) is a C*-subalgebra of O^y^G, which 
is isomorphic to C 0 (r). 


Definition 3.1 Let / be an ideal of the crossed product CWxwG. For each n G N, we 
dehne the closed subset X ( r " ' 1 of V by 

X { j" ] = {7 G r j / ( 7 ) = 0 for all / G C'o(r) with p n f el}. 

Set Xj = xf \ A} 00 '* = n^ =1 ^| n) , and denote by A0 the pair (A/, A} 00 -*) of subsets of T. 


In other words, X^' 1 is determined by p n C 0 (T\X < j n ^) = /flp n C'o(r). One can easily see 

p n ) _ Y {n) 

L /in / 2 — A /i wvl / 2 

and that I\ C / 2 implies D A^ for any n G N, hence implies A 7l D A/ 2 , 


that A™ r . = Aj ™' 1 UA{" } for any n G N, hence X Iin j 2 = A 7l U A 7a , 


T^(°o) _ u T£-( 00 ) 


L /in / 2 


L /l 


L /2 


A 


(00) 


Xr°°\ For n G N, the set xi n ^ can be described only in terms of Xj and X j°°\ 


7 


D 


Lemma 3.2 For an ideal I of O^y^G, we have 

OO 

A} n) =A} oo) U (J (A 7 + 07 ), 

i=n+l 


for any n G N. 

Proof. Let 7 be an element of A 7 and i be a positive integer grater than n. Take / G C'o(r) 
with pnf G I. Since 

SfPnfSi = S*fSi = STSiVvtf = a^f, 

we have a Ui f el 0 C 0 (r). Since 7 G A 7 , we have cr Wi /( 7) = 0 . Hence /(7 + a;*) = 0 for 
any / G Co(r) with p n f G /. It implies 7 + 07 G A^[' l \ Thus A| n) D A/ + 07 for any 
f > n. For n < m, we have A|”' 1 d A| m) because = p m . Therefore Aj n ^ D A 7 °°\ 

Thus Af > D A'p> U U“ 1+1 (A', + ^). 

Conversely, take 7 ^ X^ U U^ n +i i^-i + <^7). Since 7 ^ Aj°°\ we can find a positive 
integer m so that 7 ^ X ( f m> . When m < n, we see that 7 f X\ n \ We will show 7 ^ A| rt ' i in 
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the case m > n. Since 7 ^ Xj 7n \ there exists / G C'o(T) such that p m f G I and /(7) 7^ 0 . 
For each i = n + 1 , n + 2 ,... , m, there exists /* G Co(r) D / such that fi (7 — 07) 7^ 0 
because 7 ^ Xj + 07. Set g = f niln+i We have ^(7) 7^ 0 and 

m m 

Pn9 = Pm9 + X] = P™9 + G L 

i=n -\-1 4=n+l 

Therefore 7 ^ A"}"^. Thus we have A"j n) = A'j 00 - ) U U^ n +i(W + a;*). I 

Definition 3.3 A subset A" of T is called a ) -invariant if X is a closed set with X +07 C X 
for any z G Z+. For an cv-invariant set A", we define a closed set H x by 

OO OO OO 

H x = X\ |J(X + U7) U fljJlX + o;*). 

i=l n —1 i=n 

Note that H x is a closed subset of X. 

Definition 3.4 A pair A" = (X,X°°) of subsets of F is called u-invariant if A" is an 
^-invariant set, and A"°° is a closed set satisfying H x C X°° C A". 


Proposition 3.5 For any ideal I of the crossed product O^yi^G, the pair X j is u- 
invariant. 


Proof. By Lemma |3.2| , we have Xf = x}°°^ U [J^ 1 (AA + a7). From this, we see that 
Xj is cj-invariant and that X 7 \ UZi(Xi + ^i) C Xj 00 ^ C A/. By Lemma [T2| . we have 

U“„pf+^) c Xp = At>• Hence fT-l lEX + X C fl” 1 N"’ = *<”>. Therefore 
we get //x C .v )"’ 1 C A'/. I 

We will show that for an a;-invariant pair A", there exists a gauge invariant ideal / 
such that X] = X (Proposition 


Lemma 3.6 Let X = (A, X^ 00 )) be an u-invariant pair. For n G N, set X^ = X (°°) U 
Ut^n+i (A + 07). Then zee have the following. 

(i) AW is closed for all n G N. 

(ii) A = X^ 7 A(°°) = nr=i x(n) - 

(iii) For 0 < n < m, X^ = X^ U [J™ n+1 (X + uf). 

(iv) For a positive integer n, 


X 


OO / 

u i* 1 ”’+“*) u n ( u < a '+ 

/tew„ k= i 


Proof. 
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(i) Take 7 G X 0 ) for a positive integer n. If U fl A"(°°) 0 for all neighborhood U of 

7, then 7 G X W) C XW because X(°°) is closed. Otherwise, we can find a positive 
integer i v grater than n with U D (X + u> iv ) 0 for any neighborhood U of 7. If 
there exists i such that i\j — i eventually, then 7 G X + uy C XW because X + uy 
is closed. If there are no such i, then we can see that 7 G U Zm( X + u i) for an y m 
with m > n. Hence 7 G Hx C X^ 00 ) C XW Thus we have proved that 7 G X^ n f 
from which it follows that XW is closed. 

(ii) Since X \ (J“ 1 (X + uy) C X(°°) C X, we have X = XW We see that 

OO OO / OO \ OO/OO \ 

fl xW = f l x(°°) U |J (X + uy) J = x(°°> U f( U (X + uy) ). 

n=l n=l ' i=n -\-1 ' n=l ' «=n+l ' 


Since nr=. (U£„ +1 (V + <*)) CH X C A<”>, we have fl~ i V ( “> = A<~>. 

(iii) It is obvious by the definition. 

(iv) For a positive integer n, we have X = XW U (J” =1 (X + uy) by (iii). Recursively, we 

get X = UlTo ( U„ £W e»> (A <n) + u„)) U U„ ew <M ( X + w„) for any positive integer k. 
Hence X = U„ €W „ (A "»> + at,.) U |X, ( U„ eV vl*> < A + W ■ > 


Definition 3.7 For an cv-invariant pair X = (X. X (oc ' 1 ). we define 7y C xi G by 
4 = spah{^p n /S': | p, v G Woo, / G C 0 (r \ XW), n G N}, 
where XW = X(°°> U \JZn+i( X + u i)- 


Proposition 3.8 For an u-invariant pair X = (X, X^ 00 )), the set iy becomes a gauge 
invariant ideal of 0 O0 'X a wG. 

Proof. Clearly 7y is a ^-invariant closed linear space, and is invariant under the gauge 
action (3 because /3 t (S^p n fS*) = t^^^S^p n fS* for < G I. To prove that 7 y is an ideal, it 
suffices to show that for any pi, z^, p 2 , v 2 £ W^ and any / G C 0 (r \XW) ; g 7 C'o(r), the 
product xy of x = S^PnfSf G 7y and y = S /l2 gS* 2 G O^Xi^G is in 7y. If 5'* 1 5' At2 = 0 
or S'* 1 S ' M2 = 5* for some p G Woo, then it is easy to see that xy G Jy. Otherwise 
Sf S, J2 = 5^ for some p = ... ,ik) G Woo with p ^ 0 . When 7 < n, we have 

PnfS,, = PnSftCr^f = 0. Hence xy = 0 G Jy. When i x > n, we have p n fS^ = pnS^a^J = 
Sb°W/- Now, / G d 0 (r\XW) implies a Ufl f G C7o(r\X) because X+u; M C X+uy x C X^. 
Hence we have xy G Jy- It completes the proof. I 

Proposition 3.9 Let X = (X,X^ 00 )) an u-invariant pair, and set I = 7^. Then 
Xj = X. 
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Proof. By the definition of /, we get X^ n) c X for any n G N. We will first prove that 
Xj = X. To the contrary, assume that A 'j ^ A". Then there exists / G / fl C'o(T) such 
that /( 70 ) = 1 for some y 0 G A. Since / G /, there exist ni G N, /i G Co(T \ X( ni ' ) ) and 
Hi, vi G Woo (Z = 1, 2,. .. , L) such that 


L 


f~X S mPnJl S t, 

1=1 



Take a positive integer n so large that ni < n and Hi, zy G W n for l — 1, 2,... , L. For 
any /i 0 G W n , we have PnSfJS^Pn = p n <r Um f and cr^Jilo ~ Wo) = !■ For * with 
Hi = isi = Ho, we have p n S'* 0 (£ w p n ,/ z S'* )5' /i 0 p n = p n fi- For Z with = zyz/ = /z 0 for 
some n = ( 4 , 4 , • • • , 4 ) G W„ with 4 > we have p n S* o (S^PnJiS^Sf 0 p n = p n cr Wv fi. 
We have G Co(r \ X), because X + u v C X + ay, C X^ ni \ For other Z, we have 

PnSf^S^PnJiSt^S^Pn = 0. Hence we get 


CU 


PO 




1=1 


Pn I &lu 


°PQ 


f - (ji 


1=1 


PnS-Jf-J2 S «PnJlS: i )S ln p. 


1 = 1 



where gi G Cb(r \ X^ ni >) when pi = u i = ho, and gi G Co(r \ A") when Hi v = u i v — ho 
for some z/ = (ii, - ,4) £ W n with 4 > n z , and gi = 0 otherwise. To derive a 

contradiction, it suffices to find Ho £ W n such that gf y 0 — Wo) = 0 fo r an y L By Lemma 
| 3 T| (iv), we have either y 0 G flm=i ( U AJG wi m) ( A " +W)) or 7o e for some h e W n . 

When 7 o G f|m=i ( U MeW C-) (* + W)), take Ho 6 W n so that |/x 0 | > |hz|, 4 z| for 
l — 1 , 2 ,... , L and 70 G X + u; Mo . Then /p = zy = ho never occurs. Hence gi G Co(r \ A") 
for any Z. We get gf 70 — w w ) = 0 because 70 — G A. When 70 G A 41 + u; M for some 
h € W n , take /i 0 = h- Since 70 — Wo *= A 4 ) C X^ C A, we have gf 70 — Wo) = 0 either 
if gi G C 0 (r \ A^O) or if g ; G C 0 (r \ A). Hence g z ( 7 o — Wo) = 0 fo r an y L Therefore we 
have A/ = A. 

Next we will show that Xj = A 4) for a positive integer n. To derive a contradiction, 
assume that A"j"' ) A 4). Then there exists / G Co(r) such that p n f G / and /( 70 ) = 1 
for some 70 G AW. Since p„/ G /, there exist ni G N, /1 G C 0 (r \ A40) and /x z , zv z G 
Woo (Z = 1, 2,... , L) such that 


L 

Pnf ~ SmPnJlSt, 
1=1 



Take a positive integer m so large that Hi, O £ W m , < m for Z = 1, 2,... , L and n < m. 
By Lemma ^L 6 ] (iii), we have A 4) = A4d U [J™ n+1 (A + 07 ). When y 0 G A 47, we have 
fi(7 o) = 0 for any Z. On the other hand, we get ||/ - ^ W=1/J=0 /z|| < 1/2 because 


Pmlpnf ^ niPniflSyj )pm Pm.f ^ ^ Pmfl- 

1=1 fj, l= i/i=(t) 

This is a contradiction. When 70 G A" + 07 for some z with n < i < m, we have 07 ,./ = 
S*(p n f)S t G / and cr tJi /( 7 o — oz*) = 1 . This contradicts the fact that A/ = A. Therefore 
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Xj 11 ' = X^ for a positive integer n. Hence X 1 ^ = {^ =1 X^ = — X^°°\ We 

have shown that Xj = X. 1 


By Proposition |3.9| , the map I i—> Xj from the set of gauge invariant ideals I of 
Oao^a^G to the set of ^-invariant pairs is surjective. Now, we turn to showing that this 
map is injective (Proposition |3.15| ). To do so, we investigate the quotient (O^yia^G) /1 
of Ooo'A^G by an ideal I which is not GooXWG. Since / fl Go(r) = Go(r \ X G), a G*- 


subalgebra Co(T)/(I flGo(r)) of (Goo>V 
Go (Xj) as a G*-subalgebra of (0 0 0 x„i 


G)/J is isomorphic to Go(Xf). We will consider 
G)/I. We will use the same symbols Si,S 2 ,... G 
M{{0 O0 'X a u>G)/1) as the ones in x Q ^G) for denoting the isometries of which 

is naturally embedded into M((G 0O x a wG)//). For an ^-invariant set X, we can define a 
^-homomorphism : G 0 (X) —> G 0 (X) for /i G Woo. This map a w is always surjective, 
but it is injective only in the case that X C X + which is equivalent to A" = A" + a; M . 
One can easily verify the following. 


Lemma 3.10 Let I be an ideal that is not x a uG. For n,v G Woo and f G C 0 (X I ) C 
(0 QO 'A a uG)/1, the following hold. 

(i) SJS* = 0 if and only if f = 0. 

(ii) For n G N, p n f = 0 if and only if f G O 0 (X 7 \ xj n) ). 

(iii) fSp = SpVuJ. 

(iv) (GooXqwG)// = span{S' /i /S'* | /x, 1 / G Woo, / G G 0 (X 7 )}. 

We define a G*-subalgebra of (0 00 'A ay >G)/1, which corresponds to the AF-core for 
Cuntz algebras. 


Definition 3.11 Let / be an ideal that is not GooX^G. We define G*-subalgebras of 
(GooX^Gj/Jby 

Qt k) = span {Sjs; | / 1 , z/ G W«, / G G 0 (X 7 )}, 

= span{ 1 5 ' /iPn /S: | /1, 1/ G W«, / G G 0 (X 7 )}, 

Xj"’ = span{ S^fS* | v G W n , 0 < |/x| = |i/| < ra, / G G 0 (X 7 )}, 

X/ = span{5' /i /5'* | /x, n G W*,, |/x| = |i/|, / G G 0 (X 7 )}, 

for n G Z+, 0 < k < n. 


Lemma 3.12 Let / 6e an idea/ that is not O^yi^G. For n G Z + ,0 < k < n, we have 
the following. 

(i) ^ M n fc ® Co(Xf). 

(ii) x} n ’ k) = M n * ®G 0 (xj n) ). 

(iii) xj^e^x^©^. 

(iv) |J“ 1 X] n) is dense intFj. 
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Proof. 


(i) Since the set Wn > has n k elements, we may use {e^} gw (fc) for denoting the 
matrix units of M n >=. One can easily see that 


M n fc 0 CoiXj) 3 0 / ^ SJS; e Qj 

gives us an isomorphism from 0 Cq(Xz) to Qj n,k \ 


( n,k ) 


(ii) We can define a surjective map from Q\ n ’ k ^ to F^ n ' k) by 

Gi n ’ k) 3 SJS* U ^ S, Pn fSl g F^ k) . 

Its kernel is M n k 0 Co (A/ \ Xj 1 ' 1 ) under the isomorphism G ( 1 "' k) = 
Lemma |3.10| (ii). Hence we have fF k ) ^ M. n k 0 Co(A"|"' ) ). 

(iii) It can be done just by computation. 

(iv) Obvious by the definitions of F^ and Fj. 


^ 0 C 0 (A"/) by 


We will often identify Q^ l ' n ’ with Cq(Xj, M n ™). The following lemma essentially ap¬ 
peared in 0. 

Lemma 3.13 Fori = 1,2, let E t be a conditional expectation from a C*-algebra Ai onto 
a C*-subalgebra Bi of Ai. Let ip : A\ —> A^ be a *-homomorphism with p o E\ = E -2 o <p. 
If the restriction of p on Bi is injective and E\ is faithful, then p is injective. 

For an ideal / which is invariant under the gauge action (3, we can extend the gauge 
action on O x xi a uG to one on (0 00 'A a «>G)/1, which is also denoted by /3. The following 
lemma is standard. 


Lemma 3.14 Let I be a gauge invariant ideal that is not C l0O y\ a uG. Then, 

Ei ■ (Ooc^a^G) / 1 3 x i * f / 3 t (x)dt G (CooX^C)// 

J T 

is a faithful conditional expectation onto Fj, where dt is the normalized Haar measure on 

T. 


Proposition 3.15 For any gauge invariant ideal I, we have = /. 


Proof. When / = O 0 


>G , we have Xj = A"j oc) = 

,wG and set J = I 


Thus Ix I C x: ^ o ■ 


G. Let I be 

a gauge invariant ideal that is not 0 00 'A a y>G and set J = 1% - By the definition, J C I. 
Hence there exists a surjective ^-homomorphism 7r : (Coo^a^Cj/J —> (0 00 'A a uG)/1. By 
Proposition iTH and Lemma 3.12 , the restriction of 7r on Fj' > is an isomorphism from 
I) c j k ^ onto F^ and so the restriction of 7r on Fj is an isomorphism from Fj onto Fj. By 
Lemma |3. 14|, there are faithful conditional expectations Ej : {O tx 'X 0 pG)/J —> Fj and 
Ei : (CooXIq^C)// —»• Fj with Ej o tt = tt o Ej. By Lemma |3.13| , i r is injective. Therefore 

lx, = L ' 1 











Theorem 3.16 The maps I i—► Xj and X i—> 1^ induce a one-to-one correspondence 
between the set of gauge invariant ideals of 0 oo 'x a ^G and the set of tv-invariant pairs of 
subsets of T. 


Proof. Combine Proposition |3.9| and Proposition [1 15 


I 


4 Primeness for cp-invariant pairs 

In this section, we give a necessary condition for an ideal to be primitive in terms of 
u;-invariant pairs. We will use it after in order to determine all primitive ideals. 

An ideal of a (d*-algebra is called primitive if it is a kernel of some irreducible repre¬ 
sentation. A C*-algebra is called primitive if 0 is a primitive ideal. When a (7*-algebra A 
is separable, an ideal I of A is primitive if and only if / is prime, i.e. for two ideals I±, I 2 
of A, T Cl / 2 C / implies either Ji C / or 1 2 C I. We define primeness for (^-invariant 
pairs. For two cu-invariant pair X t = (Ad, A"{'^ J ' ) ), X 2 = (X 2 , X2), we write Ad C X 2 if 
X] C Ad, A"j°°' ) C A^ 00 "* and denote by X\ UX 2 the cu-invariant pair (AdUAd, Af^UA^ 00 '*). 

Definition 4.1 An tv- invariant pair X is called prime if Ad U A 2 D X implies either 
Ad D X or A 2 D A" for two cu-invariant pairs Ad, Ad- 


Proposition 4.2 If an ideal I of Oao^^G is primitive, then Xj is a prime tv-invariant 
pair. 


Proof. Let / be a primitive ideal of C^xi^G. Take two tv- invariant pairs Ad, Ad with 
Ad U Ad D Xj. Set I\ — Ix 1 an d h = I\ 2 - Then 

h n I 2 = ^Xiux 2 'T ^Xj c I- 


Since / is prime, we have either Ij C I or / 2 C /. Hence we get either Xj D Xj or 
Ad D Xj. Thus Xj is prime. I 


In general, the converse of Proposition |4.2| is not true (see Corollary |5 .4) and Proposition 
3.24]) . The ideal / is prime if and only if the equality Ij D I 2 = I implies either I\ = I or 
1 2 = I for two ideals I\, J 2 (see the proof of (iii)=>(iv) of Proposition L3). The following 
is the counterpart of this fact for prime cu-invariant pairs. 


Proposition 4.3 For an tv-invariant pair X, the following are equivalent. 

(i) X is prime. 

(ii) For two tv-invariant pairs Ad , Ad, the equality Ad U Ad = X implies either X\ = X 
or X 2 — X. 

(iii) For two gauge invariant ideals Ji, J 2 of OooX^G, the equality I\ fl J 2 = 1^ implies 
either F — lx or I 2 = 1^. 
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(iv) For two gauge invariant ideals fy, I 2 o/(9 00 xi q ,^G, the inclusion /1 n /2 C 1% implies 
either I\ C /y or J 2 C Hy. 


Proof. (i)=y(ii): Take two a;-invariant pairs X 2 with X\ U X 2 = X. By (i), we have 
either Ah D X or X 2 D X. Hence we get either X\ = X or X 2 = X. 

(ii) =fyiii): Take two gauge invariant ideals / 1 , I 2 with /ifl / 2 = Jy. We have AfyLAfy. = 
A. By (ii), we have either A/, = X or Xj 2 = X. By Proposition |3.15|, we have either 
1 1 = or I 2 = fyy 

(iii) =fyiv): Take two gauge invariant ideals Ji, J 2 with Ii n / 2 C /y. Then we have 

(h + lx) n (-^2 + Ix ) = Ui n ^2) + fyf = lx- 


By (iii), either I\ + iy = I y or J 2 + Ty = Jy holds. Hence we get either Ii C Jy or 
I 2 C Jy. 

(iv)=^(i): Similarly as the proof of Proposition [4.2| . I 

We will use the implication (ii)=fyi) to determine which u -invariant pair is prime. We 
also need a notion of primeness for u;-invariant sets. 


Definition 4.4 An ^-invariant set A" is called prime if Ah U X 2 D A implies either 
Ai D A or A " 2 D A", for any ^-invariant sets Aj, A 2 . 


We set sg(u;) = {u;^ | p G Woo} which is the semigroup generated by a>i,u; 2 ,... and 
denote by sg(u;) its closure. Note that a closed subset X of V is cn-invariant if and only 
if A" + sg(u) = A. For any 7 G T, it is easy to see that the set 7 + sg(cn) is a prime 
cn-invariant set. The following is a necessary and sufficient condition for an cn-invariant 
set to be prime, which can be considered as an analogue of maximal tails in |[BHRS|. 


Proposition 4.5 An w-invariant set X ofT is prime if and only if for any 71,72 G A 
and any neighborhoods U\, U 2 0/71,72 respectively, there exist 7 G X and p\,p 2 G W^ 
with 7 + u ; M1 G Hi and 7 + G U 2 . 


Proof. Suppose A" is a prime ^-invariant set. Take 71,72 G A" and neighborhoods U\, U 2 
of 71,72 respectively. Set Xj — T \ |J g wy,(Hj ~ W) f° r / = 1,2. Then Xi and Ah are 
cu-invariant sets satisfying Ai X and Ah f) X. Since A" is prime, we have Ah U X 2 fb X. 
Hence there exists 7 G A with 7 ^ Xi U A 2 . By the definition of Ah and Ah, there exist 
Hi, /i 2 such that 7 + a ; M1 G Hi and 7 + a ; M2 G H 2 . 

Conversely assume that for any 71,72 G A" and any neighborhoods Hi, H 2 of 71,72 
respectively, there exist 7 G A and p\,p 2 £ W^ with 7 + G Hi and 7 + cj /i2 G H 2 . 
Take a;-invariant sets Ah and Ah satisfying Xi f) X and A 2 f) X. There exist 71,72 G A" 
with 71 ^ Ah and 72 / X 2 . Hence there exist 7 G A and pi, p 2 £ W^ with 7 + u; Ml h -W 
and 7 + / X 2 . Since Ai and Ah are ^-invariant, we have 7 f Ah and 7 f X 2 . 

Therefore, Ah U A 2 X. Thus, A is prime. I 


Lemma 4.6 If an uj- invariant pair X = (A, A^°°)) is prime, then X^ oa) = H x or A^°°) = 
H x U { 7 } for some 7 ^ H x . 
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Proof. Let X = (X,X(°°>) be a prime cj-irivariant pair. To derive a contradiction, assume 
X (°°) \ Hx lias two points 71,72- Take open sets U\ 3 71, U 2 3 72 with U\ D U 2 = 0, 
U 1 fl H x = 0 and U 2 P\ Hx = 0- Then X t = (X, X(°°) \Uf) (i — 1,2) are a;-invariant pairs 
satisfying X = Ad U X 2 . However, we have X (f X\ and X (f X 2 . This contradicts the 
primeness of X. I 


Lemma 4.7 An uj-invariant pair ( X , Hx) is prime if and only if X is a prime u-invariant 
set. 

Proof. Suppose that (X,H x ) is a prime cu-invariant pair. Take cn-invariant sets Ad, Ad 
with X C X, U X 2 . We have (X, H x ) C (Ad, Ad) U (X 2 ,X 2 ). Since (X, H x ) is prime, 
either ( X,H x ) C (Ad, Ad) or (X,H x ) C (X 2 ,X 2 ) holds. Therefore X is a prime c 0 - 
invariant set. Conversely assume that X is a prime cn-invariant set. Take two cn-invariant 
pairs (Ad, A"j°°' ) ), (Ad, X^ ) with (X 1 ,X-[ 00 ' ) ) U (X 2 , A^°°' ) ) = (X,H x ). Since X is prime, 
either X C Ad or X C X 2 . We may assume X C Ad- Then X = Ad- Hence Hx = 
H Xl C Ad (oo) C H x • We get (X 1 ,xf oo) ) = (X,H x ). By Proposition [0|, (X, H x ) is a 
prime cn-invariant pair. I 


Lemma 4.8 An oj- invariant pair (A", H x U { 7 }) is prime for some 7 f H x if and only 
if X = 7 + sg(w). 

Proof. Suppose that an o;-invariant pair (A", H x U { 7 }) is prime. Then (A", H x U { 7 }) C 
(X, H x ) U (7 + sg(o>), 7 + sg(u;)) implies (X, H x U { 7 }) C (7 + sg(u;), 7 + sg(cn)) because 
H x U { 7 } (jL H X - Hence 7 + sg(u;) C X C 7 + sg(w). Thus, we get A" = 7 + sg(cn). 
Conversely, assume X = 7 + sg(u;). Take two u;-invariant pairs (Xi, xj 00 " 1 ), (X 2 ,A^° C ' ) ) 
with (Xi,xj°°' ) ) U (X 2 ,X^°°' ) ) = (X,H x U { 7 }). We may assume 7 6 X{ oc) . Then 
we have X = 7 + sg(u;) C X^ + sg(u;) C X\ C X. Hence Ad = X. We have 
H x U { 7 } = H Xl U { 7 } C X^ C H x U { 7 }. Therefore (X 1; x} 00 *) = (X, H x U { 7 }). By 
Proposition |4.3| . (A", H x U { 7 }) is a prime cu-invariant pair. I 


Proposition 4.9 An uj-invariant pair (Ad Xl°°l) is prime if and only if either X is prime 
and X^ 00 * = H x or A" = 7 + sg(cn) and X(°°) = H x U {7} for some 7 H X - 


Proof. Combine Lemma |4.fi|. Lemma |4.7| and Lemma [O. 


I 


5 The ideal structure of (part 1) 


In this section and the next section, we completely determine the ideal structure of 


ooXi a ^G (Theorem |5T3| . Theorem |6.30| ) 


O, 

whether u G T c 


The ideal structure of O c 
satisfies the following condition: 


>G depends on 


Condition 5.1 For each i e Z + , one of the following two conditions is satisfied: 
(i) For any positive integer k , ku>i f 0. 
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(ii) There exists a sequence in Woo such that S*Si = 0 for any k and 


linn 






= 0 . 


This condition is an analogue of Condition (K) in the case of graph algebras [[BHRS 
In this section, we deal with the case that u satisfies Condition Q 


Proposition 5.2 If to satisfies Condition [7j, then for an ideal I that is not 0 oc 'A ol ^G, 
there exists a unique conditional expectation Ej from (CW /I onto Ti such that 

EfiSJS;) = S MM SJS: for p,ne / G <?„(*/)■ 


Proof. Take x = J2i=i e where p h v x G W^ and f, G C 0 (Xj) for 

l = 1,2,... ,L. Set xq = Y,\m\=\u l \S i i l fiSt l and we will prove that ||x 0 || < ||x||. If we 
choose a positive integer n so that \pi\, \vf < n and pi, G W n for l — 1, 2,... , L, then 


x 0 G E ( j l> . By Lemma |3.12|, there exist x G (0 < k < n — 1) and x [ 0 "' J G Q 


(■ k) 


-{n,k ) 


J n ) 


j(n,n) 


such that x 0 = Y^k=o x< q ) ■ We have ||x 0 || = max{||x, 


CO). 


x, 


Wi 


First we consider the case that 11a: 0 11 = ||X(j^|| f° r some k < n — 1. If we set q k = 
^ w (fc) S^pnS* G M((£> 00 x aW G)//), then q k is a projection satisfying that q k S^S*q k = 0 


'Mew, 


if \pi\ \u t \. Hence q k xq k = q k x 0 q k = x£\ We get ||x 0 || = ||x;/ j || = \\q k xq k || < ||x||. 
Next we consider the case that 1111 = ||xo^||. Then there exists 70 G Xj such that 
||^ n) || = 11 ^ 0 ^( 70 )||- By Lemma ^L6] (iv), we have 


(*)i 


XT = 


[j (w; n) +w) u n ( u +^S) ■ 

flGWn k= 1 


When 70 G + 07 for some p G W„, set w = S v S^p n Sl G M(((9 0 O x aW G')/7). 

Then u is a partial isometry. We have u*xu = u*x 0 u = u*x^u = 7T n (cr^„ (xo"-*)) where 7T„ 
is the natural surjection from onto T\ n ' n \ Since 70 - G we have 

,(®o n) )(7o- W)ll = ll4 n) (7o)|| = ||4 n) H = INI- 


TTr. 




> ik m , 


Therefore ||x 0 || < ||u*xw|| < ||x||. 

When 70 G DfcLi ( lL eW W (Xi+Up)) , we can find i G {1,2,... , n} such that 70 —ku>i 


Xj for all k G N. Since u satisfies Condition |5T], either kuji 0 for any k G Z + 
or there exists a sequence {p k }kez+ C W n with lim*.^,*.= 0 and S* k Si = 0 for 
any k. In the case that /ecu* 0 for any k G Z + , we can find a neighborhood 1/ of 
70 — nu>i G AT/ such that 1/ D (U + /ecu;) = 0 for k — 1, 2,... , n. Choose a function / with 
0 < / < 1 satisfying that the support of / is contained in U and /(70 — noji) = 1. Set 
u = E^ W (») S,Sff l / 2 S; G Since 


:+c 

u u = 


E C f 1/2 Q*n q* Q on l 1/2 n* _ \ ^ q r q* 


M^eW^ 0 


m£W, 


(«) 


u*u corresponds to 1 0 / under the isomorphism Q'f l ' n} = M n ,i 0 Cq{X{). Thus we 
have ||w*w|| = sup 1 /( 7 )| = 1, and so ||u|| = 1 . A routine computation shows that 
u*xu = u*Xq^u = fcr nuJi x q' ,:> G Co(Xj, M n n). Since 70 — nuji G Xj, we have 

||«*®m|| > ||/( 7 o - nufjan^x ^(70 - nuf )|| = ||xi n) (7 0 )|| = ||x 0 ||. 
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Hence ||xo|| < ||u*xu|| < ||x||. Finally, we consider the case that there exists a sequence 
{/Jk}kez + C W n with liiri/j^oo uj IJk = 0 and S* k S t = 0 for any k G Z+. For k G Z + , 
define a partial isometry = Y\ cV ..(«) SnSfSn.S* G (P^ C M((0 00 'X a *G) /1) . A routine 

computation shows that vfxuk = ufx^Uk = e C 0 (X/-, M n n). Since 7 0 —Wj G 

X/, we have 

IK^fcll > lkna; i+ ^ fc 4 n) (7o“ ^)ll = ll^ (To + J II ■ 

Hence we have ||^o”' ) (7o + a; Mfc)ll — < ||x|| for any k G Z + . Therefore ||xo|| = 

ll4 n) (7o)|| = lim fc _oo ll^o' ) (7o + wJII < INI- 
Hence the map 

span {S^fS* | n, v G Woo, / e Co(X/)} 9 x 

^ x 0 G spanjSjJS’* | //, v G W^, |//| = M, / e (7o(X/)}. 

is well-defined and norm-decreasing. The extension Ej of the map above is the desired 
conditional expectation onto Ej. Uniqueness is easy to verify. I 

By uniqueness, the conditional expectation Ej above coincides with the one in Lemma 
3.14] when / is gauge invariant. Actually an ideal of O^y^G is gauge invariant if there 
exists such a conditional expectation, as we see in the proof of the following theorem. 


Theorem 5.3 Suppose that u satisfies Condition 5.1. Then for any ideal I we have 


= I, and so I is gauge invariant. Hence there is a one-to-one correspondence between 


the set of ideals of (P 00 XWG and the set of to-invariant pairs of subsets ofT. 


Proof. If Xj = 0, then I = xi a uG so 1% = I. Let I be an ideal that is not CWxIq^G, 
and set J — 1^ By the same way as in the proof of Proposition |3.15| , we can find a sur¬ 
jective ^-homomorphism n : {0 oc 'A a uG) / J —> {0 00 'A a uG)/1 whose restriction on Ej is an 
isomorphism from Ej onto Tj. By Proposition |72| . there exists a conditional expectation 
Ei : (0 oo 'X a uG )// —i► Ei satisfying Ej o 7r = tt o Ej , where Ej : ((P^ xi^G)// —> Ej is a 
faithful conditional expectation defined in Lemma |8. 1 4| . By Lemma |3.13| , tt is injective. 
Therefore / = 1% ■ The last part follows from Theorem |3.16| . I 


Corollary 5.4 When u satisfies Condition \ 5. 1\ . an ideal I of xi a uG is primitive if 

and only if the uj -invariant pair Xj is prime. 


Proof. It follows from Proposition |4.8| and Theorem [775 


6 The ideal structure of Q O0 'X 0 pG (part 2) 


In this section, we investigate the ideal structure of xi a w G when uj does not satisfy 
Condition |5.1| i.e. there exists i G Z + such that koj{ = 0 for some positive integer k, 
and that there exist no sequences pi,/r 2 , • • • in W^ such that Sf k Si = 0 for any k and 
lim k^oo^nk — 0. Note that such i is unique. Without loss of generality, we may assume 
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i — 1. Let K be the smallest positive integer satisfying Ku\ = 0 . Denote by D the 
quotient of Y by the subgroup generated by ay, which is isomorphic to TLjKTL. We denote 
by [7] and [U] the images in T' of 7 G Y and U C Y respectively. We use the symbol ([7], 9) 
for denoting elements of D x T. Define A = span {S^fS* 1 \ f E C 0 (Y),k,l G N} which 
is a C'*-subalgebra of 0 00 'A a uG. In [[Kal|| , we defined a C’*-algebra T K and a continuous 
family of *-homomorphisms : A —> Tk for 7 G T. Note that </? 7 (x) = 0 if and only 
if p 1+UJl (;x) = 0 for x G A. We also defined if 7,0 = 0 P-y for (7,6*) G TxT, where 

7 D : Tk —» Ma is a continuous family of *-homomorphisms. 


Definition 6.1 For an ideal / of O^xi^G, we define the closed subset Yj of F' x Tby 
Yi — {([7], 9) G T' x T | ijj lt g(x) = 0 for all x G A fl /}. 

We denote by Yj the pair (' Yj,xj°°^ ) of a subset 1/ of T' x T and a subset Xj 00 ' 1 of T. 


Definition 6.2 For a pair F = (F, A* 00 )) of a subset F of T' x T and a subset A"* 00 ) of 
T, we define subsets X and X W of F by 

X = {7 G r | ([7], 9) G F for some 9 G T}, 

OO 

x (n) =x (°o)u (J (A + uy). 

i=n-\-l 

With this notation, a pair F = (F, A^ 00 )) is called u-invariant if (X, X^) is an 
^-invariant pair of subsets of Y and if F is a closed set satisfying that [A^] xTcF. 


Proposition 6.3 For an ideal I of O ao 'x a u>G, the pair Y r is u>-invariant. 


Proof. By [ |lval| . Proposition 5.15], we have 

Xj = {7 G r I ([7], 9) G Yj for some 9 G T}. 
By the argument in the proof of [|Kal|, Lemma 5.21], we have 


A} 1 ) = {7 G T I p^x) = 0 for any x G A fl /}. 

Therefore [A^] x T C Yj. Thus the pair Yj is o’-invariant. I 

We get the ^-invariant pair Yj from an ideal / of 0 00 'A a uG. Conversely, from an 
a-invariant pair F , we can construct the ideal Iy of 0< Xj y\ a uG. 


Definition 6.4 For an (n-invariant pair F = (F A" (oo) ), we define Jy C A and I y C 

C>ooXi Q -G by 

Jy = {x E A | = 0 for ([ 7 ], 9) G F, and p 7 (x) = 0 for 7 G A^ 1 )}, 

Iy = span ({S^xS* \ fl,V E Woo, X £ Jy) 

U {S jPnf S u | /i, v E Wqo, nE Z+, /GC 0 (r\AW)}), 
with the notation in Definition |6.2|. 


14 













Proposition 6.5 For an oj- invariant pair Y, Iy is an ideal of Ooc^^G. 


Proof. Once noting that Jy fl Co(T) = Co(r \ A") and Jy fl piC'o(r) = piC$(T \ X^), 


we can prove that Iy is an ideal in a similar way to Proposition | 
computation in ||Kal| . Proposition 5.20]. 


with the help of the 


Lemma 6.6 Let Y = (Y, X^') be an uo-invariant pair. For any ([ 7 ],$) ^ Y, there exists 
x E Jy such that 7 ^ 0. 


Proof. The proof goes exactly the same as in the proof of |[Kal| , Lemma 5.22], once noting 
that ([ 7 ], 0) ^ Y implies 7 ^ X^). I 


Proposition 6.7 Let Y = (Y, X^ 00 )) be an u-invariant pair, and set I = Iy. Then 
have Yj = Y. 


we 


Proof. By Lemma |6.6| , we get Yj C Y. To prove the other inclusion, it is sufficient to 
see that fj^pfx) = 0 for ([ 7 ],$) G Y and x E I P\ A. Take £ > 0 arbitrarily. Since 
x E /, there exist m, vi E Woo, E -F for l = 1,2,... , L and u! h , v' k E Woo, n k E Z+, 
f k E C 0 (r \ XGF) for k = 1, 2,... , K such that 


x 


L K 

^s^si-Ys^hs: 


Z / / j ^V'k* -k“ - 

1=1 k=1 


< £. 


Take a positive integer m such that m > \gi\, \uj\ for any l and m > |/i/|, \ v' k \ for any 
k. Then, S* m xS™ — J2t=i x 'i < £ where x\ = S^S^XiS^S™ for l — 1, 2 ,... , L. Since 

x\ E Jy , we have \\'if~ /: g(Si m xS™)\\ < Since ^ 7 , 0 (*S'i) is a unitary, we have ||^ 7 i e(a;)|| < £ 
for arbitrary e > 0. Hence, we have if lt e{x) = 0. Therefore we get Yj = Y. 

From Yj = Y, we have Xj = A". By the definition of /, we see that xj n ' ) C X^ for 
n E Z + . To the contrary, assume that X 7 Y Then there exists / € Co(r) such that 

p n f E I and /( 70 ) = 1 for some 70 E X^ n \ Since p n f E /, there exist /i;, zy E Woo, %i E Jy 
for l — 1 , 2, ... , L and /i' fc , G Woo, E Z + , f k E C 0 (r \ A"W)) for k — 1 , 2, ... , K such 
that 

l k 1 

pj - A - A S A PnJkSl, k 

1=1 k=1 

Take a positive integer m so large that //].., z4 G W m , n k < m for any l, k and n < m. 
By Lemma [TB] (iii), we have X( n ) = A"( m ) U (J'“ n+1 (A + 17 ). We first consider the case 
that 70 G A"( m ). By |[Kal| , Lemma 5.4], there exists gi E C 0 (r \ A 1 ) with ppxipi = p k gi for 
any l. Hence we have p m xip m = p m Pi x iPiPm = Pmfk for any l. Since 


< 


/ L K \ 

Pm ( Pnf - Y' - V S^PnJkSL )p m = p m f 

' 1=1 k=1 ' 


n=i'i=<t> 


Pm9l 


A 


Pmfki 


we get ||/ - - E ^=^=0 /fell < !/2- This contradicts the fact that /( 70 ) = 1, 

57 ( 70 ) = 0 and /fe( 70 ) = 0 for any l, k. When y 0 G A + a;* for some i with n < i < m, we 
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have <J uli f = S*(p n f)Si G / and cr lJ j i f('yo ~ wf) = 1- This contradicts the fact that Xj = X. 
Therefore Xj l) = X hd for a positive integer n. ffence = p]^=i = fl^=i = 

X (o °). Thus we have >7 = V'. I 


Corollary 6.8 For two uj-invariant pairs Y\ = (1'7, A"{°°' ) ), 17 = (17,A^ 00 )), we have 
Iy^ C Iy 2 if and, only if Y\ D 17 and X^ D X 2 °°\ 

A relation between Iy and Jy can be described as follows. 

Proposition 6.9 Let Y = (Y,^ 00 )) 6 e an u>-invariant pair. For t & T, set Y t = 
(Y t ,XW) where Y t = {([ 7 ],#) 6 T' x T ([ 7 ],^) G Y}. Then Y t is uj-invariant 
and / 3 t {Iy ) = Iy where [3 is the gauge action. We also have Iy = f\eT W t w here 

X = ( X , XM) and X = {7 G T | ([ 7 ], 9) G Y for some 9 G T}. 


Proof. See |[Kal| , Proposition 5.24]. 


I 


Proposition 6.10 For an uj-invariant pair X = (X, X^ 00 )) of subsets of T. the pair 
Y = ([X] x T, is u-invariant and Iy = I 


Proof. Obvious by Proposition 

Now, we turn to showing that L 
examine the primitive ideal space of O 


Y = I for any ideal / (Theorem |6.30| ). To see this, we 
crG. Setsg^a;) =sg(a;)\{0,a;i,... , 


Lemma 6.11 We have sg 1 (o;) = Ui^2( s s( a; ) + <a) an d sg 1 (a;) is an to-invariant set. 

Proof. For 7 G sg(cn), we can find pk G W*, such that 7 = lim^oo . If pk — (1,1,... , 1) 
for sufficiently large k, then 7 = moj , for some m G N. Hence for 7 G sg, (ui), we can 
find p k G Woo with uj /lk G (J^ 2 (sg(u;) + <a) such that 7 = li m^ 0 ;^. Thus sg, (u) C 
U ; = 2 ( s g( w ) + u i)- To prove the other inclusion, suppose mu, G Ui^ 2 ( s S( a; ) + u i) f° r some 
0 <m< K and we will derive a contradiction. I 11 this case, 0 is also in (J^^gfx) + u d- 
Hence there exists a sequence {pk} in W^ with S* k Si = 0 such that 0 = Hindoo u>^ k . 
This contradicts the fact that to does not satisfy Condition [TT] , Therefore sg^o;) = 
U^ 2 ( s g( a; ) + u i)- From this equality, it is easy to see that sgi(o;) is an ^-invariant set. I 


Corollary 6.12 For any 70 G T, there exists a compact neighborhood X of 70 satisfying 
that X fl (A + 7 ) = 0 for any 7 G sg(a>) \ {0}. 

Proof. Since sg(u;) \ {0} = sg^u;) U { 07 , 2ui, ... , (.K — 1 ) 07 } is closed by Lemma |6.11| , 
there exists a neighborhood U of 0 with U fl (sg(u;) \ {0}) = 0. If we take a compact 
neighborhood V of 0 such that V — V C U, then X = y 0 + V becomes a desired compact 
neighborhood of 70 . I 
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Lemma 6.13 For an u-invariant set X, we have H x = rr=iU=n(*+^)- u two 
uj- invariant sets X x and X 2 satisfy X 1 C X 2 , then H Xl C H X2 - 

Proof. The former part follows from X — X + oq, and this implies the latter part. I 


Proposition 6.14 For any 7 EY, we have 7 ^ H 1+ sg( u )- 


Proof. By Lemma |6.13|, we have 


OO OO OO 

H'y+sg^uj) = n u^ +sg ^^ +uj ^> c +sg M +w< )=7+sgiM. 

n =1 i=n i=2 


Hence 7 fi H 1+ ^y I 

For 7 G T, we set P 7 = 1^ where X = (7 + sg(cn), P 7 +sg(w) U { 7 }) which is a prime 
cu-invariant pair. We will show that P 7 is the unique primitive ideal satisfying that 
XIp = (7 + sg(u;), Hj+sg^) U { 7 }). To see this, we need the following lemma. 


Lemma 6.15 Let I be an ideal of Or^ xi a u> G with Xj = Xj 00 ' 1 + sg(u;). Then I = 1% . 

Proof. By the argument in the proof of Proposition [72] and Theorem [5.3|, it suffices to show 
that ||x 0 || < \\x\\ for x = ]P , L =1 S^fiSf G (O^^G) /1 and x 0 = E| w |=h S mh S tv If we 
choose a positive integer n so that \pi\, \u t \ < n and /q, zq G W n for any /, then x 0 G lFj n f 
We can find Xq^ G P ( T "' k> (0 < k < n — 1) and x ( 0 n) G Q ( j n,n ^ such that x 0 = J2k=o x o^- 
We have ||x 0 || = max{||xo°^||,... , H^o^ll}- hr the case that 11a; 0 11 = ||xo^|| for some 
k < n — 1, we can prove ||x 0 || < ||x|| in a similar way to the proof of Proposition |5.2| . 
In the case that ||x 0 || = ||xo^||, there exists 70 G Xj such that ||x 0 || = ||^o^(7o)ll- Since 
Xj = Xj °°^ + sg(u;), there exist a sequence pi, /i 2 , • • • G Woo and a sequence 7 1; 72 ,... , G 
A "} 00 - 1 such that 70 = lim^oo( 7 * + cu /ifc ). We can find sequences //,[, n' 2: ... G Woo and 
ui, u 2 ,... G W n such that uj, lk = ay + a j Vk and none of 1, 2,... , n appears in the word 
n' k for any k. For k G Z + , define a partial isometry u k = X^ e w (ri ) We have 

vfxuk = U* k x 0 u k = vfx^Uk = 7T n (cr Wiy X(j T,) ), where 7T n is the natural surjection from Q { f l ' n) 
onto Since 7 *, G Xj°°\ we have 7 ^ + G Xj‘\ Hence 


\^n \&l 




> Ik 


r w 


(7* + w 




= X, 


(n) 


(7 k + W'fc S' k’i 




Therefore we get 

INI = ||4” ) (7o)|| = Jim ||4 n) (7fc + ^ +W k )\\ < ||a? 

k —>00 


We are done. I 

Proposition 6.16 For any 7 G T, the ideal P 7 zs t/ie unique primitive ideal satisfying 
that X Pi = (7 + sgM, P 7 +sg(a;) U { 7 }). 
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Proof. To prove that P 7 is primitive, it suffices to show that it is prime because O^yi^G is 
separable. Let p, J 2 be ideals of 0ooXi a wG with = P 7 . Then we get X^UX^ = X Pi . 

Since X Pi is a prime uj -invariant pair, we have either X p = X Pj or Xj 2 = X Pi . By Lemma 
3.15| , we have either I\ = P 7 or J 2 = P 7 . Therefore P 7 is primitive. The uniqueness follows 
from Lemma |6 .1 5| . I 


We denote by A the set of prime co-invariant sets which are not of the form 7 + sg(co). 
For A" G A, we denote by P x the ideal Jy for A" = (A, H x ) which is a prime co-invariant 
pair. We will show that for any A G A, P x is the unique primitive ideal satisfying 
X Px = (X,H x ). 


Lemma 6.17 Let X G A and 7 G X. Then there exist a sequence /ii, /r 2 ,... in Woo and 
a sequence 71 , 72 , • • • in X such that S* k Si = 0 for any k and 7 = lim fc ^oo( 7 fc + co^J. 

Proof. Since A G A, there exists 7 ' G A \ (7 + sg(co)). Since A is prime, Proposition [L5] 
gives us two sequences /q, ^i 2 , ..., zq, z/ 2 ,... in Woo and a sequence 71 , q 2 ,... in A with 
7 = limfc^ tX) ( 7 k + ^> Pk ) and 7 ' = lim^oo ( 7 *, + uyj. We will show that we can choose such 
p k satisfying S* Si = 0. If not so, then fi k — (1,1,... , 1) for sufficiently large k. This 
implies 7 ' = lim fc ^ 00 (7 — \p k \iVi + <W fe ) which contradicts the fact that 7 ' ^ 7 + sg(co). 
Therefore we can find desired sequences. I 


Lemma 6.18 If an ideal I of satisfies A/ G A, then I = I 


Ay 


Proof. Similarly as the proof of Lemma 5.151 , it suffices to show that ||xo|| < ||x|| for 


x 


= Ez=i*WzF* 6 (OooX^G)// and x 0 = E| w |=h S uJi S t l e ?\ 


x , 


(*) 


e F 


(n,k) 


(0 < k < n — 1) and Xg"' ) G such that cc 0 = EzEWcE We have 

||xo|| = max{||xo°' ) ||,... , ||a 4 n ' ) ||}. In the case that ||p)|| = ||cCo‘ : ' l || for some k < n — 1 , we 
can prove ||xo|| < ||x|| in a similar way to the proof of Proposition 5/2. In the case that 
||x 0 || = ||^o r ^ll; th ere exists 70 G A/ such that ||x 0 || = ("To)II- By Lemma |6.17| . we have 

a sequence /ii,/z 2 ,... in Woo and a sequence 71 , 72 , • • • in Xj such that S* k S\ = 0 and 
7 = Hindoo( 7 fc + to M J. For k e Z + , set a partial isometry u k = E AtGVV M 5 fS^ n Sf k S*. 

We have u* k xu k = u%XQU k = u%x^u k = cr< 


7(71, n) 


We can find 

(fc) 

0 


>n k X 0 


. Since 7 fc G A/, we have 


IK^fell > II^Po !) (7fc)ll = lK t; (7fc + P 


H, 


l^k > 


Therefore we get 

INI = Il4" ) (7)ll = lim ||4 n) (7 fc + u; Mfc )|| < ||x 

rC—>OC 


We are done. I 

Proposition 6.19 For A G A, the ideal P x is the unique primitive ideal satisfying 
X Px = (X ,H X ). 


18 












Proof. With the help of Lemma |6.18| , the proof goes similarly as the one in Proposition 

fuel . I 

By Proposition |4.9| , the remaining candidates for primitive ideals are ideals P satisfying 
Xp = (70 + sg(cj), if-yo+sg^)) for some 70 G T. We will determine such primitive ideals. 

Definition 6.20 For ([ 7 ],$) 6 T' x T, we set F([ 7 ],e) = {([ 7 ],#)} U ([7 + sg^tn)] x TT). 
Then Y = (Y^^, H 1+ sg^)) is an ^-invariant pair. We write P^e) for denoting Iy. 

We can show that P([j],e) is a primitive ideal for any ([ 7 ], 6) G r' x T by using the 


technique in ||Kal|| . To do so, we need Proposition |6.22| , which will also be used to 


determine the topology of primitive ideal space of (PooX^G. 

Lemma 6.21 For an oo-invariant set X, the pair X = (A", X) is oo-invariant and we have 

lx = spa n{SJSt \ fi,u G W*,, / G C 0 (r \ X)}. 

Proof. Clearly, X = (A", A") is cn-invariant. Set / = span {S^fS* | p, v G Woo, / £ 
C 0 (r \ A)}. In a similar way to the proof of Proposition |3T^, we can see that / is a 
gauge-invariant ideal of Ooo>i a ^G. We also see that = X for any n G N by arguing 
as in the proof of Proposition 3T. Hence 1^ = 1 by Theorem 3.16 . I 


Proposition 6.22 Let X be a compact subset ofT such that X n (A" + 7 ) = 0 for any 
7 G sg(u;) \ {0}, and set X\ = X + sg(tn) and X 2 = X + sg^cn). Then we have that 
X 0 = (Ad, Ad), Ad = (Ad, Ad) and X 2 = (Ad, Ad) are oo-invariant pairs, and that 


d 2 /d^K®C(IxT), 


I.y/Xyo ^ K ® C(Vj \ x 2 ). 


Proof. Since X is compact and sg(u;) is closed, X\ = X + sg(u;) becomes closed. The same 


reason shows that X 2 is closed. By Lemma |6.11|, both Ad and A 2 are cn-invariant and 


X 2 = (_J)d 2 (A"i -Poof). Therefore X 0 ,X\,X 2 are u;-invariant pairs. Since Iy i flpiCo(r) = 
PiC 0 (r \ Ad), we have pif = 0 for any / G Co(Ad \ Ad) C /y 2 //y i . Note that Xi \ Ad is 
a disjoint union of compact sets A", X + 07 ,... , X + (K — 1 ) 07 . For / G C(X + moo\) C 
Ixjlx 1 w ifh 0 < m < K , we have a mu}1 f G C(X) and 


Q77i r Q*m nm-1 n o* _ r Q*m —1 cm— 1 r n* 

G rnuJl J Oi O-j^ & (m—1)^1 J *-^1 *^1 ^ (m—l)o;i / *-^1 

= ••• = /• 


*ra—1 


Hence, we have Ix 2 /^x 1 = span{S l At /5'* | p, z/ G W^,/ G C(A)} by Lemma [6.21| . Set 
W+ = Woo \ {pl A G Woo I T G Woo} and denote by x the characteristic function of 
A". Then {5' M XiS'*} /i ^ eVV + satisfies the relation of matrix units and S fl xSf = 1 

(strictly). Hence we have IpJ^Xx — K ® B where B = y(/y 2 //y ] )y. We have 


H = span{yS' At /S'*x | /i, z/ G Woo, / e C'(A)} = span}^ ) m f \ m G Z, / G G(A)}. 

Since H is generated by C(X) and a unitary S^x which commute with each other and 
since H is globally invariant under the gauge action, we have B = C(X x T). Therefore 
we get /y 2 //jy ^ K ® G(A x T). 


19 





















By the definition, 


J A'i/ J x 0 = span {S^JS* | /x, v G W^, n> 1, / G C(X i \ X 2 )}. 

For / G C(Ad \ Ad) C I'xJ Ix 0 an d * > 2, we have SiS*f = SiO^JS* = 0. Hence 
Pnf = Pif for any n > 1 and any / G C(X 1 \ X 2 ). Tims I Xl ,x 2 /Ix i,jg = span{S’ / ,p 2 /S'* | 
/r, z/ G Woo, / e C'(X, \X 2 )}. We can show that {SS*} M)i ,g Woo satisfies the relation of 
matrix units and X^gWoo ^iFhx'S* = 1 (strictly), where y' is the characteristic function 
of Ad \ X 2 . Hence we have I Xl /I Xo — ^ ® wh ere 

= P2X'(Ix 1 /Ix 0 )P2X' = spanfe/ I / e C(W \ X 2 )} = C(Ad \ X 2 ). 


Therefore we get I x J^x 0 — ^ 0 C(Ad \ X 2 ). I 

With the help of Proposition |6.22| , we have the following proposition by exactly the 
same argument as the proof of [Kal. Proposition 5.41], 


Proposition 6.23 For y 0 G T, the set of all primitive ideals P satisfying X P — (y 0 + 
S§( a; ); H'yo+sgl^uj)) is {-^([70], 0 ) I ^ ^ 


Now, we can describe the primitive ideal space Prim((P 00 xi Q ,^G) of CdoXWG* as follows. 


Proposition 6.24 We have Prim((P 00 x Q ^G) = {P z \ z G (T' x T) U T U A}, where U 
means a disjoint union. 


The primitive ideal space Prim^ooXic^G) is a topological space whose closed sets are 
given by {P G Prim((P 00 x a ^G) | / C P} for ideals I. We will investigate which subset of 
(r'xl)urud corresponds to a closed subset of Prim((P 00 x Q ,^G). By Corollary | 6 T^, the 
following is easy to verify. 

Lemma 6.25 Let Y = (Y, A^ 00 )) be an uj- invariant set. 

(i) For ([ 7 ], 6) G T 7 x T, we have Iy C P([y\,o) if and only if ([ 7 ], 9) G Y. 

(ii) For 7 G T, we have Iy C P 7 if and only if 7 G X(°°d 

(iii) For X G A, we have Iy C Px if and only if [X] xTcf. 


Lemma 6.26 Let X be a compact subset of V such that X D (A" + 7 ) = 0 for any 
7 G sg(u;) \ {0}, and set Ad = X + sg(cu) and X 2 = X + sg^o;), which are iw-invariant 
sets. If X 0 G A satisfies X 1 D Ad, then X 2 D X 0 . 

Proof. To the contrary, assume Ad G A satisfies Ad D X 0 and A 2 f) A 0 . Then X 0 nA" 7 ^ 0 
and (Ad fl X) + sg(cn) is an cn-invariant set satisfying (Ad n X) + sg(u;) C X 0 . Since 
((A " 0 fl X) + sg(u;)) U Ad A Ad and Ad is prime, we have (Ad fl A") + sg(u;) D X 0 . Hence 
A 0 = (Ad fl A") +sg(o;). If Ad flX has two points 71 , 7 2 , then we can take open sets U \, U 2 
such that 71 G Ld, 7 2 G U 2 , U\ nU 2 = 0. Two ca-invariant sets Ad = (X 0 nA"\f/i) + sg(u;), 
X' = (X 0 n X \ U 2 ) + sg(ca) satisfies X[ X 0 , X' f) X 0 and X[ U X' = X 0 . This 
contradicts the primeness of Ad- Hence Ad PlX is just a point. However, this contradicts 
the fact that Ad G A. Therefore Ad D X 0 when Ad G A satisfies Ad D X 0 . I 
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Lemma 6.27 Let Y\ = (Y a ,xP°)) be an uj-invariant pair for each A G A. Set I = 


Haga h \ ■ 


Then Y r = U ApA Y x . 


Proof. For any A G A, we have Y/ D Ya because / C Iy . Hence we get Yi D Uaga^ a - 
Take ([ 70 ], #o) P UagA^a- Then there exists a neighborhood U of ([ 70 ], &o) satisfying 


U fl UagA^a = By the same argument as in the proof of ||K.al| . Lemma 5.22], we can 
find Xq G A such that P([ 7 o ], 6 > 0 )( a; o) p 0 and = 0 if ([ 7 ], 9) ^ U and <p 7 (x 0 ) = 0 

if ([ 7 ] x T) fl U = 0. Therefore we have x 0 G /, and it implies that ([ 70 ], # 0 ) P Y/. Thus 
Yi = U^Yx- ■ 


Lemma 6.28 For any X G A, we have Px = n 


2G[X]xT 


P,- 


\ze[X]xY P z 


Proof. By Lemma |6.25|, we have Px C P|-g[x]xt Pz- By Lemma |6.27| . we have Y{y 
[X] x T. Hence we have PlzeivixT P z C Px by Lemma |6.25| . Thus P\ = flzelvixT Pz- I 

I 11 the proof of the following proposition, we use the fact that the subset {P G 
Prim(0 oo x Q ,wG) I\ C P, / 2 p P} of Prim(C> 00 x Q ^G) is homeomorphic to Prim(/ 2 //i), 
for two ideals Ji, J 2 of 0 O0 'X a uG with I\ C / 2 . 

Proposition 6.29 Let Z — Y U X^ 00 ) Ul ie a subset of (h x I) U T U Z\. The set 
Pz = {Pz | z E Zj is closed in Prim((P 00 x Q ,^G) if and only if (Y, XA°°)) is an oj- invariant 
set and A = {X e A | [X] xfc Y}. 

Proof. Let us take a subset Z = Y U X^ 00 ) U A of (r' x T) U F U A satisfying that (Y, X^ 00 )) 
is an u -invariant set and A = {X G A | [X] xTc Y}. Then the set Pz = {P z \ z E Z} 
coincides with the closed subset defined by the ideal Iy by Lemma j.25. 


Conversely, assume Pz is closed, that is, there exists an ideal I of x a uG with 
Z — {z G Y U X^ 00 ’ U A | / C P z }. We first show that Y and X(°°) is closed. Take 70 G T 
arbitrarily. By Corollary | 6 .1 2| . there exists a compact neighborhood X of 70 such that 
X" fl (X + 7 ) = 0 for any 7 G sg(cn) \ {0}. Set X 0 = (Xi,Xi), Xt = (Xi,X 2 ) and X 2 = 
(X 2 , X 2 ) where AP = X + sg(ca) and X " 2 = X -fsgpp;). Note that X 3 7 1 —► [ 7 ] G [AP \X 2 ] 
is a homeomorphism. By Lemma |6.25| and Lemma |6.2G| . we have 


{2 G (r 7 X T) u r U A | C Pz, Iy 2 p Pz} = [Xt \ x 2 ] xTcr'xT, 

[z G (r' X T) u r u a I Iy 0 c Pz, p p z } = Xt \ x 2 c r. 

By Proposition |6.22| , the map [Xt \ X 2 ] x T 9 z 1 —> P 2 G Prim((P 00 x Q ^G) is a home¬ 
omorphism from [XP \ X 2 ] x T, whose topology is the relative topology of T' x T, to 
the subset {P G Prim(0 00 x a wG) | /y ] C P, /y 2 p P} of Prim((P 00 x a wG). The set 

Y fl ([X[ \ X" 2 ] x T) C T' x T is closed in [X] \ X 2 ] x T because Py is closed. Hence, the 
subset Y is closed in T' x T. Similarly X^°A is closed in T. Set X = {7 G T | ([ 7 ], 0) G 

Y for some d G T}, which is closed because Y is closed. Set J = Pi (hi o)ev P([i]fi)- We 


have / C J. By Lemma |6.27| , we have Yj = Y. Hence IIx C Xj. We have J C P 7 


for any 7 G Hx by Lemma | 6 . 25 j Therefore Hx C X^°°\ We have ([7 + up,#') G Y 
for any ([7], 0 ) G Y, any i > 2 and any 9’ G T because P([ 7 ], 0 ) C P([ 7 +a;i ] ) 0 /). Hence we 


21 


























get [X + ui\ x T C Y. We also have [X^ 00 )] x T C Y because P 7 C P([~/],o) for any 
([ 7 ],#) G T' x T. Therefore we have proved that (Y,X(°°)) is an ^-invariant set. Finally, 
we have A = {X G A | [A"] x T C h} by Lemma |6.28| . It completes the proof. I 

By the proposition above, we get the following. 

Theorem 6.30 When u ; does not satisfy Condition |5J|, there is a one-to-one correspon¬ 
dence between the set of ideals of x a u, G and the set of uj- invariant pairs of subsets of 
T'xT and subsets ofY. Hence for any ideal I of O^yia^G, we have I — Iy j . 

Proof. There is a one-to-one correspondence between the set of ideals of O x x G and the 
closed subset of Prim(C ) 00 x a ^G). By Proposition |P5| , the closed subset of Prim((P 00 x a wG) 
corresponds bijectively to the set of cu-invariant pairs. I 


7 More about 

In this section, we gather some general results on O^y^G. First we compute the strong 
Connes spectrum of the action oC : G rx O x . We need the following lemma. 

Lemma 7.1 For any uj G T°°, we have {0} U H^) = {0} U f^Li + u i)- 

Proof. It suffices to show that 


OO OO 

SgM \ ({0} U lJ(sg(o;) + u>i)) C (J (sg(w) + Ui) 

i =1 i=n -\-1 

for any n G Z+. Take 7 G sg(tn) \ ({0} U U^iO^KaO + uf)) and n G Z + . Since 7 G sg(u;), 
there exists a sequence {pk} C Woo such that 7 = lim^oo cu^ k . We will show that we can 
find an integer grater than n in the word pk for infinitely many k, from which it follows 
that 7 G USn+ 1 (sg( a; ) + u i). T° contrary, assume that pk G W n for sufficiently 
large k. Then there exists % G {1,2,... ,n} which appears in pk eventually. We have 
7 — iVi = hni/.^ 0 C (cj /tfc — u>i) G sg(u;). This contradicts the fact that 7 f sg(ca) + 07 . Hence 

{0} u H mu) = { 0 } u n r T =1 DESsMT^)- ■ 


Proposition 7.2 The strong Connes spectrum r(oP) of the action cC is {0} U Hgg( u )- 


Proof. By [|Kij. Lemma 3.4], we have 


r(aP) = {7 G T | aP 7 (/) C /,for any ideal / of 0 O0 'A a ^G} 1 


where : T rx O^yia^G is the dual action of oP. For an u -invariant pair X = (X, A^°°)) 
and 7 G T, we see that aP 7 (/^) = /y_ where X — 7 = (X — 7 ,X(°°) — 7 ). Hence 
a“ 7 (/^) C is equivalent to say that X + 7 C X and X^+q C X^ 00 ) f or an ^-invariant 
pair X = (X, X^) and 7 G T. Considering the case that X = (sg(u;), {0} U 7%^)), we 
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have ({0} U H m ^) + 7 C {0} U H m (u) for 7 G r(a^). Hence r(cP’) C {0} U H w g^). Let 
(A", X^) be an cu-invariant pair. For 7 G A", we get 


7 


+ f'j |^J(sg(o;) + u>i) — P) ^J(7 + sg(o;) + a 7 ) C |^J(A + oof) C H x C X^°°\ 


n =1 i=n 


n =1 2 =n 


n=l i=n 


By Lemma [7H|, we have + ({()} UiAg^)) c X(°°\ Since {0}U//sg(u>) C sg(u;), we have 
X+({0}UHsg( a; )) C A7 Hence when to satisfies Condition [TT], we have r(aP) D {0}UHgg(ui) 
by Theorem [573], and so r(aP) = {0} U Hgg^y Next we consider the case that to does not 
satisfy Condition |5H|. For an cn-invariant pair (Y, A^°°)), we have X+(H w ^\{0}) c X (oo) 
by the former part of this proof, where X — {7 G T | ([7], 6) G Y for some 6 G T}. Hence 
for any ([70], Of) G Y and 7 G Hgg^ \ {0}, we have 70 + 7 G X (o °) because 70 G A". Since 
[A (o °)] x T C Y, we have ([70 + 7], Of) G Y. Therefore we also have {0} U Hgg^ C r(aP) 
by Theorem p.30[ Thus r(aP) = {0} U Hgg^y I 

Next we give necessary and sufficient conditions for to G r°° that the crossed product 
Ooo'Xa^G becomes simple or primitive. 

Lemma 7.3 Let I be an ideal of the crossed product x aU G. Then I = 0 if and only 

ifXj = r. 


Proof. The “only if” part is trivial. One can easily prove the “if” part by the same 


arguments as in the proofs of Proposition [1 . 2| and Theorem [573 


Proposition 7.4 For to G r°°, the following are equivalent: 

(i) The crossed product x G is simple. 

(ii) There are no to-invariants sets other than V and 0. 

(iii) F = sg(u;). 

If Goo^auG is simple, then it is purely infinite. 


Proof. The equivalence between (i) and (ii) follows from Lemma |7.3| . (ii) implies (iii) 
because sg(u;) is ^-invariant, (iii) implies (ii) because A" = A" + sg(u;) if A" is ^-invariant. 
For the last statement, see [Ka2|. Proposition 5.2], I 


The equivalence between (i) and (iii) was already proved by A. Kishimoto m by 
using strong Connes spectrum. Note that the strong Connes spectrum r(o a; ) is equal to 
T if and only if sg(c 0 ) = T by Proposition B 


Proposition 7.5 The following conditions for to G T 00 are equivalent: 

(i) The crossed product O^yia^G is primitive. 

(ii) T is a prime co-invariant set. 

(iii) The closed group generated by tOi,to 2 ,... is equal to T. 
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Proof. (i)=^(ii): This follows from Proposition |4.2| . 

(ii)=r-(i): It suffices to show that 0 is prime. Let Ji ,/ 2 be ideals of O x X a w G with 
1 1 n I 2 = 0. We have Xj l U Xj 2 = Xj in i 2 = T. Since V is prime, either Xj x D F or 
Xj 2 Z> r. If Xj 1 D T hence X Jx = T. then I\ =0 by Lemma [7.3| . Similarly if Xj 2 D L, 
then J 2 = 0. Thus 0 is prime and so O^yi^G is a primitive C*-algebra. 

(ii) •<==>■ (iii): This follows from Proposition |4-5| . I 


One can prove the equivalence between (i) and (iii) in the above theorem by char¬ 
acterization of primitivity of crossed products in terms of the Connes spectrum due to 

DPI 


D. Olesen and G. K. Pedersen 
actions due to A. Kishimoto 


and the computation of the Connes spectrum of our 


Ki 


Proposition 7.6 The crossed product CW xi a uG is isomorphic to the Cuntz-Pimsner al¬ 
gebra Oe of C'o(r )-bimodule E = Co(r)°°, whose left module structure is given by 

f ■ (/l, /2, - - • Jn, ■••) = - ,Vu n (f)fn,---) £ E 

for f G C'o(r) and (f u f 2 ,... , f n ,... ) G E. 

Proof. The inclusion C'o(r) O^ x a uG and E E5 (0,... , 0, f n , 0 ...) i —> S n f n G X G 
satisfies the conditions in [|Fi]. Theorem 3.12], Hence there exists a ^-homomorphism 
(p : Oe —> O ao 'x a u>G which is surjective since O^ xi G is generated by {S n f \ n G 
Z+, / G C'o(r)}. One can show that p is injective by using Lemma |3.13| . Thus O x xi a wG 
is isomorphic to Oe- I 


Corollary 7.7 The inclusion Co(r) O x xi G is a KK-equivalence. Hence fori = 
0, 1, we have K,(0 O0 >\ Q u 1 G) = K i (C 0 ( T)). 

Proof. See [|Pi]. Corollary 4.5]. I 


Proposition 7.8 If u G T 00 satisfies —uy ^ | /i G W n } for any i,n G Z + , then the 

crossed product O^ xi G is AF-embeddable. 


Proof. See |[Ka2| , Proposition 5.1]. 


I 
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